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The analysis of plates on elastic foundation is very common in e gineering. Usually the Winkler 
model is adopted, and it is assumed that the foundation stiffness i constant over the area of the 
plate. In many cases, such as large foundation mats and in vertical slurry walls, the foundation 
stiffness varies and approximate solutions are found. 
Using symbolic algebra, an approximate finite element displacement thod isintroduced to
analyse the problem of plates on a variable Winklerelastic foundation. It is proposed to add to 
the conventional plate lement s iffness matrix, another matrix that will ccount for the effect of 
the variable foundation. The solution using this approach is compared to he solutions which 
were obtained using other approximation techniques. With the proposed method the 
convergence is much faster, with fewer elements, and saves computer and data preparation 
time. 
Introduction 
The analysis of plates on an elastic foundation is very common in engineering. The 
Winkler model, which consists of infinitely many, closely spaced, linear springs, is mostly 
used. Solutions of the problem of a plate on a constant Winkler lastic foundation, with 
several cases of boundary conditions, were given by Timoshenko & Woinowsky-Krieger 
(1959) and by Fletcher & Thorne (1952). Finite element solutions were given by Cheung & 
Zienkiewicz (1965) and later by Yang for Winkler foundation model (1970) and for two- 
parameter foundation (1972). More recently, Katsikadelis & Armenakas (1984) used the 
boundary integral method to solve similar problems. 
All these references deal with constant foundation stiffness under the plate. Many 
engineering problems have variable foundation stiffness. The cases of foundation mats and 
slurry walls are examples of variable elastic foundation. The solution for beams on 
variable elastic foundation is given by Clastornik et al. (1986). For variable properties of 
the foundation stiffness, the common practice is to divide the plate into many small 
elements, and either lump the foundation of some contributory area to the nodes as single 
linear springs, or to assume some average constant value for the foundation stiffness over 
the whole element. Both resulting solutions are approximate, and improvement can be 
achieved by using a larger number of elements. This involves much work in the 
preparation of data, and results in larger finite element models for solution. 
In this paper a third approximate method is introduced, and equivalent foundation 
matrices are derived for general polynomial functions of foundation property distributions. 
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This is done using the computer program REDUCE (1984). The explicit results of the area 
integrals are then used for the analysis. The results of the three approximate solutions are 
compared in an example. 
Symbolic computing has been used in the past in the area of structural analysis. 
Korncoff & Fenves (1979) used symbolic algebra for the symbolic generation of finite- 
element stiffness matrices. More recently, Elishakoff & Couch (1987) used symbolic 
algebra for the instability analysis of non-conservative systems. In both cases, as well as in 
this work, the main contribution of the approach is that problems that were previously too 
difficult or intractable to perform can now be solved with relative ease. In finite-element 
analysis the calculations of the stiffness matrices are performed for each element 
separately, and the use of symbolically evaluated terms rather than numerically integrating 
them, helps to reduce significantly the computation time. 
Element Foundation Matrices 
The equilibrium equations of a plate lying on elastic foundation using the finite element 
method can be written as (Eisenberger, 1987) 
(SE+ S~)D =/t, (1) 
where S~, is the conventional e astic stiffness matrix for a plate element, SF is an additional 
stiffness matrix representing the effect of the foundation, D is a vector of the displacements 
at the nodes, and A is a vector of the equivalent joint loads on the plate. The terms in SF 
are the equivalent nodal loads at the plate nodal points, when the plate is deformed into 
the shapes, Fis, that were used to formulate the elastic stiffness matrix for the plate 
element. The effect of the foundation is taken as an external oad, with intensity 
K(x, y)Fi(x, y) distributed over the surface of the plate. If we represent the foundation 
stiffness K(x, y) as a polynomial series 
K(~o y) = Z k,,,~xmY '',
m,. (2) 
with m, n --- O, l, 2 . . . .  , then from finite-element theory we get 
or 
Sv = ~ k,,,, { xmy"F,(x, y)Fj(x, y) dx dy = }" SFm,, (4) 
m,n dA m,n 
where 
SF,n,, = km,, JA xmy"Fl(x' y)Fj(x, y) dx dy. (5) 
The matrices SF,~ can be evaluated for given shape functions of the plate element. In this 
work the MZC plate element (Weaver & Johnston, 1984) was used. The shape functions 
for the element (12 d.o.f., 4 nodes) are given in Appendix I. In Appendix II, five matrices 
(w i thm=l  andn=0;m=0andn=l ;m=n=l ;m=2 andn=0;m- -=0andn=2)  are 
shown. For the case m = n = 0 the foundation stiffness matrix is the same as the consistent 
mass matrix (which is used in classical finite-element theory for vibration analysis) where 
ko0 replaces p the mass density. 
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Fig. 1. Example plate on variable lastic foundation. 
Numerical Example 
A rectangular plate, 6 by 8 m, 0.2 m thick, is loaded by uniformly distributed load with 
intensity of 1 t m -2, and supported on an elastic foundation (Figure 1). The foundation 
varies under the plate as K(x, y) = 125x+ 133.33y (t m-2). The plate was solved by using 
three different methods: (a) lumping the stiffness of the foundation into single springs at 
the nodes of the elements; (b) taking the average value of the stiffness underneath each 
plate element, and assuming that there is a foundation with constant stiffness with that 
value for the whole element; and (c) using the foundation matrices developed in this paper. 
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Fig. 2. Relative rror for deflection atcorner 1. 
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Fig. 3. Relative rror for deflection at corner 4. 
The finite-element meshes were built of 4, 6, 9, 12, 16, 25, 36, 48, 100, 180 and 300 elements. 
The results for the deflections of the plate at corners 1 and 4 are given in Figures 2 and 3, 
respectively. From the results it can be seen that the proposed method converges much 
faster than the other two approximate solutions. The convergence is uniform, whereas for 
the second method the convergence is in some cases oscillatory (not shown in this work). 
The same results are obtained for the other two corners and for many other problems 
which were solved. The results converge rapidly and uniformly, so that a very good 
estimate of  the exact result can be obtained with a small number of mesh refinements. 
Foundat ion  stiffness matrices for other values of  rn and n can be evaluated using a 
symbolic algebra program. In general, we can use computer algebra to derive foundation 
matrices for other elements as well. 
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Appendix I
PLATE ELEMENT SHAPE FUNCTIONS 
The 12 shape functions for the plate element are listed below. The funct ion Fi is der ived 
by  assuming  unit  va lue for the funct ion at the ith degree of f reedom and zero at the other  
11 degrees  of f reedom for the element.  A detai led procedure for the der ivat ion of the 
funct ions  is given by Weaver  & Johnson  (1984). 
F~ (~, tl) = s~( 1 - 0(1 - r/)(2 - { - t / -  r = -- t/=), 
F2(~, q) = ~g(1 -- r + r/)(1 -- r/) 2, 
F3(r r/) = -- ~A(1 + ~)(1 - r/)(1 - 02, 
&(r  0 = ~(1 + 0(1 - ~)(2 + r  ~-  r _ ~2), 
F~(r ,7) = kB(1 + r +,7)0 - ,TY, 
F~(~, ,i) = ~h(1 - 0(1 -~) (1  + &,  
FT(~, r/) = -}(1 + 0(1 + t/)(2 + ~ + r/-- ~2 _ rt2), 
Fa(r r/) = --~B(1 + 0(1 -- r/)(1 +r/) 2, 
r9(r ,7) = ~A(1- r + ~)(1 + 02, 
F1 o(r I/) = ~(1 -- ~)(1 + r/)(2-- r + t/_.r _ r/2), 
F11(r - - - - -  - -  -}B(1 --  0(1 - t/)(1 + r/) z, 
F,  2(~, n) = - ~A(1 + 0(1 + n)(1 - 0 2. 
(6) 
(7) 
(8) 
(9) 
(10) 
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